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Dynamics of the g-deformed Lipkin model

8 S Avancini, D P Menezes, M M W Moraes and F F de Souza Cruz

Depto de Fisica, CFM—Universidade Federal de Santa Catarina, Caixa Postal 476—CEP
88040-900, Florianépolis-SC, Brazil

- Received 15 July 1993

Abstract. In this paper we investigate the dynamics of the Lipkin-Meshkov—Glick model within
the context of quantum algebras, For this purpose we obtain the equations of motion with the
help of the time-dependent variational principle. To analyse the results, graphs for equi-energies,
potentials and mean-square deviation of the J; operator have been plotted. Modifications in
the wsual libration and rotational motions due to the introduction of quantum deformation are
discussed.

1. Introduction

Recently, the study of g-deformed models has received much attention in the literature.
Investigations are made either from the mathematical point of view [1] or concerning
possible applications to physical systems [2]. The final aim of these works consists of
finding a physical meaning for the deformation procedure and, in this way, show the range
of validity and applicability of these models in physics.

Some toy models have already been investigated within the context of quantum algebras.
Examples of such studies are the effects of the deformation parameter on the phase
transition from the vibrational to the rotational regime in the su(2) Lipkin model [3], in the
su(2)@su(2) Moszkowski [4] and Pairing models [5], and in the Thouless superconductivity
madel [6]. For a fixed number of particles in systems described by the models above, it was
shown that the phase transition may occur more rapidly, i.e. for weaker inferaction strength
or aven be suppressed, depending on the deformation taken.

Not much bas been done towards the investigation of the dynamics of pseudo-spin
g-deformed models. It is particularly interesting to investigate the role of the g-deformation
on the dynamics of such models in the mean-field approximation. As a very usefut laboratory
system to study pseudo-spin models, we investigate the Lipkin-Meshkov—Glick model [7] in
the context of quantum algebras through the use of the time-dependent variational principle
(TDVE). Recently, it has been shown that when g-deformed coherent states for the su, (2)
(the quantum algebra counterpart of su(2)) are introduced in the TDVP if yields a generalized
Hamiltonian dynamics [8] in complete analogy with the non-deformed case. ,

In this paper we exploit these results trying to keep, as far as possible, parametrizations
that are akin to the ones used in the non-deformed  case, ie. we take the usual
representative parametrizations of the coset SU(2)/ U (1) and develop the formalism for the
guantum-deformed time-dependent Hartree—Fock method applying it to the Lipkin model.
Furthermore we investigate the role of the deformation parameter on the time evolution of
relevant observables within the time-dependent Hartree—Fock context.
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2. Quantum algebraic description of the TOHF and its equations of motion

Before introducing the formalism itself, we have to define some important quantities related
to the su,(2) algebra, whose generators obey the following commnutation relations:

[, J-1=[27] [Jo Jel =L Js ‘ (1
where
qx . q-x
[x]= =T - : @

and g is the deformation parameter such that when ¢ — 1, [x] = x. The above operators,
when applied to a basis |jm) of the carrier space V7 of the representation T/ of su,(2),
yields

Jljm) = m|jm} Jaljm)y = [j Fmllj Em+1]jmE 1}
with m=—j,—j+1,...,jand j=0,%,1....
The g-analogues of the su(2) coherent states [9, 10] are given by

) = eg™1j = j} @)

where the g-exponential is given by
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with [m]! = [m][m — 1]...[1]. Notice that |z) is a state belonging to the su,(2) space v/
and its normalization is

2j—1

(zlz) = (122 = [ (1 + g% H2z) - (5)
k=0

where the g-binomial is given by

e =3 [m:|am_k(:!:b)k

k=0 k
with
my [m]! o | |
[k} T Im =k (6)

We also need to define the su,(2) operators in the Bargmann space [11]:

(zl gy = (zaiz - j) {zl¥) (@Jsl¥) = (—q 52D, + [2j1zL 41 )zl) -

(z|J-1¥) = Defzl¥)

where |1} is an arbitrary state in the space VJ,

flgz) — flg'2)
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is the g-derivative and

Ly f@@) = flg™"2).

In pseudo-spin models j is related to the number of particles N considered in the system.
At this point we return to our original problem. To obtain the equations of motion of a
determined system, one has to use the TDVP for an action functional, i.e.

3 -
3S=6/ Ldr=0 (&)
£y B
where the Lagrangian density is defired in terms of coherent states [12]:
3 . i/.8 .9

L= i— - H =—{z——7z—=11 - z

(el - #)}e) (i f32 Jntle) — Az, ©
where 7

_ GlH (10)
(zlz) :

and the coherent state |z} is actually |z{(¢)}, i.e. it is a function of the time.
From (9), it is straightforward to obtain a set of coupled equations written in a
generalized canonical form. They read

i WM . i M :
= — == : - 11
2D 02 T @D ez an
where ) ' ,
_ g2 2j-1 2k—2j+1 .
8.9 = g aztntela) = 3 g = - (12)

3z97 — (1 + q2k—2j+lzz)2

Defining the generalized Poisson bracket as in [8],.

H{A: Bl}up = ————= {4, B} : (13)

(,)

where {A, B} is the usual Poisson bracket,

6AdB DA 83)

{A, B}eny = ( T3 a7 6% (14)

equations (11) can be rewritten as

= {z Hlen  2={Z "o - (15)

In the non-deformed case, the z-parametrization corresponds to one of the traditional
representations of the coset of SU(2)/U/(1). It is also possible to find other representations
for the same coset {13, 14], and they are related to each other through transformations that
preseérve the symplectic structure obtained within the context of the TDvP.

As long as we seek a physical interpretation for the deformation parameter, it is
convenient to work with these usual representations, even in the deformed case. As can
be seen below, they also preserve the symplectic structure generated by the TDVP in the
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deformed case. Thus, for further convenience, we parametrize the complex number z in
two of these ways we have just mentioned. For our first choice we utilize the (8, ¢)
representation, used throughout even when deformed systems are under consideration [3, 5.
In this case

Z = tan—g—c‘r"s
where @ € [0, 7] and ¢ € [0, 2r). With this parametrization (15) becomes

b ={6, Hlloy &= Mo (16)
where

{{A, Bl}p,¢) = ~(9) ——{A, B4 an
and

) 1 2j-1 P-2j+1

5©) = 1 (18)

cot(8/2) cos*(8/2) = (1+ g% 2 +itan?(g/2))"
which is related to g(z, Z) through

1
O g(z, z)

We also utilize another representation, ie. the (8,£) (or equivalently (x,p))
representation [15,16). In the non-deformed case this representation leads to the usual
Harnilton equations. For this reason its real and imaginary part can be associated with a
canonical pair (x, p) where

B =(x+ip}/V2.

It is straightforward to prove that the (x, p) parametrization allows a good definition for
the classical potential energy, as the limit of the mean value of the Hamiltonian over the
coherent states when p goes to zero. The minimum of this potential gives the Hartree—Fock
minimum [16]. The g parametrization is given by z = 8/(1 — B)"/2. In this case, the
Lagrangian reads

6, Plan - (19

L = LB(BRYEA — BB) — H(B, B) (20)
where ‘
_ g2+
B By=7Y. - . (1)

=0 (1 —BA(l — g%-2i+1y)
and the equations of motion given in (15) become

B={B Hles  B=1B Hlus @2)

where the deformed Poisson bracket is

(A, B} ——{A4, Blyg; (23)
Bah= g(ﬁ,ﬁ) (BB
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and
= - 2t g2+l
i Phce e o0
In anzlogy with (19) we can prove that
1
{8, Bluz : (25)

6.5 g<z, 2

From-(23} we see that, in the deformed case, the § representation carries a measure in front
of the usual Poisson bracket. However the g-deformed Poisson bracket becomes the usnal
one whenever g = 1.

3. Application to the -Lipkin—Meshkov-Glick {LGM) model

The LMG model [7] has often been used because it has many important physical features
present in realistic models and at the same tiroe is a relatively simple, non-trivial and exactly
solvable model. It is a valuable tool to analyse approximations and methods for many-body
systems and to study critical phenomena in pseudo-spin systems. Particularly important
to this work are the time-dependent Hartree—-Fock studies {14, 17]. Even in the deformed
regime the LMG model is exactly solvable and has already been used to test the variational
approach for the static case through a numencal compa:anve study, which produces very
good resulis [3].

The LMG model describes a two N-fold degenerate level system with energies 26 and
—%e respectively. The states in the upper level are denoted by the quantun numbers
i=1,..., N, the states in the lower level by —i.

The many~body LMG Hamiltonian is

N N .
H =3¢ Z(afa,- —ala p+ 14 z (a a,.",_a_,,-a_,-: +al el aa)
i=1 ii'=1
where a[.T (aL) creates a particle in the upper (lower) level, a; (a—;) annihilates a particle in
the upper (lower} level and V is the strength of the interaction. The Hamiltonian in terms
of the pseudo-spin operators is given by

H=el + —(J2 I (26)
with
N N
1. = % Z(afa; —ptL-a_i),v Jp= Eafa_i J.= (J+)T .
i=1

The above operators cbey the pseudo-spin algebra of su(2). The operators Jy. are particle—
hole and hole—particle excitation operators, while J, is related to the number of excited
particle-hole pairs (half the difference between occupied states in the upper and lower
levels). In the expressions above and below, j = N/2. g
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The g-deformed version of the LMG model is obtained through a deformation of the
pseudo-spin algebra, being the resulting su,(2) algebra shown in the last section. In order
to apply the deformed TDVP formalism developed so far to the Lipkin model, we start with
the definition of the deformed Lipkin density Hamiltonian, which is

_ {elH/elzy @z, x RIE4 2

Hz,7) = - i

@a=—0 o TENTT @
_ N _:1\-_1 1 X ) ) o [[H_)ZE]N-Z
=g rE) (Q""“z"+22) WU O e O

where x = V[N]/e. At this point, both parametrizations mentioned in the last section are
introduced. With the (9, ¢) parametrization, equation (27) becomes [3]

HO, ¢) = —%ﬁ + sinngN ) + %sinzf) cos 2 Cy (6) 28)
with
N=1 1
By(®) = kz:ﬂ qN-1-%cos2(9/2) + sin*(8/2) 29
[N—=1]
Cy(@)=

(cos2(8/2) + g~V +1sin*(8/2)) (cos2(8/2) + ¢V ~sin*(8/2))

Substituting the g-deformed LMG Hamiltonian in (16) and performing the required
manipulations, we obtain

; X 40
§ = ——cos — sind sin2¢ Cy (@ 30
'3 6 Cu(®) )
and
b= 14 % _c0s?? cotan’ cos2 sin26 Cy ()
B 4g(8) 2 2 f
1 s Dacm  N=l N+l )
x (1+ AN 1]sm (2 —g g YCx(B) ] . (31)

With the second parametrization we obtain for the Lipkin Hamiltonian the expression

x[N]

H(B, B) = —% + BBB(B, B) + T(ﬂ2 + 850 - BBFB, B) (32)

where B is defined in (21) and

1
(1 - BB — g N+1)(1 - BB(L —g"~1)

It is also possible to write the Hamiltonian in terms of the pair {x, p), yielding

FB, B =

(33}

2 2 N 4 4
Hix, p) = —% + (52- + %)B(x, )+ 3‘—[-2-—](x2 P 52— + %—)F(x, ). (34)
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In this representation it is possible to define the potential V(x)
N 4
Ve =2+ B( 0+ X ]( %-)’F(x, 0) (35)

such that its minimum cdrresponds to the Hartree—Fock minimoum even in the deformed
case. C

Since we are interested in observing the influence of the g-deformation over the number
of excited particle-hole pairs, we analyse the fluctnation of the J, operator defined by

@2 ((zuzm)z ' |
AT, = - ,
‘ \/ {zlz} {zlz) (36)
where
J - o . - L
% = ;sz (zz)—J7 . (37
with
= 1
Xii(zz) = g P
and
(zg;l Z')Z) PPN + (- 2D + (38)
where .
2j—1 1 ' 2j-1 1

Yi(z,z) = - - — - - —_—,
J'( ) k,sz=:0 {qzu—k)—l _l_zzl)(qZ(j—k -1 + ZZ) ; (qZ[juk]*-‘-l 4 ZZ)Z

After simple manipulations, equation (36) becomes

T2l =2 ] 41,5 o :
AJZ=\JZ T 2 D). (39

= (1 + q2k—21+122)2

It is straightforward to obtain the expression above in the (9, ¢) or (x, p) parametrization.

4. Results and conclusion

Our aim in this work is to investigate the effects of the g-deformation on the mean-field
dynarhics. Gross features of these effects can be seen through the analysis of the solutions
of the equations of motion, or equivalently the analysis of the equi-energies. In order to
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Figure 1. E(6, ¢) is plotted for ¢ = [, 1.1 and 1.2 for N = 30 and x = 0.25 (first columm)
and x = 2.5 (second column).

analyse the behaviour of the g-deformed Lipkin system, we have drawn several curves. In
all of them N = 30 particles.

To start with, we have plotted the equi-energies E (8, ¢), obtained from (28), in figure 1
for ¢ = 1,1.1 and 1.2. For this parametrization, the behaviour of the system can be
compared with the one shown in [17]. For the interaction strength x = 0.25 (smaller than
Xeriiel = 1, which is the critical value for the non-deformed LMG model) we have the
same qualitative behaviour as in the original system, i.e. for g not very far from ¢ = 1,
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x=0.25

7

q=L1

Figure 2. E(x, p) is plotted for g = 1,1.1 and 1.2 for N = 30 and x = 0.25 (first column)
and x = 2.5 (second column).

the trajectories are not closed. This behaviour is interpreted as rotational motion in the
non-deformed case. As ¢ increases, the amplitude in the 6 direction decreases and, as we
shall discuss below, this behaviour reflects non-physical features introduced by large values
of q. For the interaction strength x = 2.5 we observe some closed trajectories as long as g
remains close to 1, behaviour which is associated with the librational motion. As g increases,
the closed trajectories begin to disappear and a prevalence of open trajectories takes place.

With the (x, p) representation the physical content of the equi-energies can be
understood in a more transparent way. In figure 2, we have plotted E(x, p) from (34)
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again for g = 1. 1.1 and 1.2. When x = 0.25, all trajectories surround the minimum at
(x =0, p =0) and again they correspond to the the rotational motion. For ¥ = 2.5, we see
two minima localized along the line p = 0 and also a local maximum at x = 0. The curves
around each minimum correspond to the librational motion, while the others encircling both
minima and the local maximum are related to rotation. Furthermore, we can see that both
minima approach each other with the increase of 4 and trajectories that used to surround
just one minimum begin to surround the two minima (even when the initial conditions are
the same). In other words, we claim here that the librational motion may be trasformed into
rotational motion, which is the motion that prevails for larger deformation parameters.

In figures 3 and 4 we have plotted the potential V' (x) written in (35) for y = 0.25 and
2.5, respectively, for ¢ in the range {1, 1.8}. When x = 0.25, just one minimum is obtained
and the potential becomes steeper with the increase of g. When x = 2.5 the two minima
get closer when g increases and tend to one minimum limit. This continuous trapsition has
already been pointed out in static Hartree—Fock studies [3] where the LMG phase transition
is suppressed after a critical value of ¢ for a given N.

Figure 3. We show the variation of
the potential V(x} with the deformation
parameter for N = 30 and x = 0.25.

Figure 4. The same as in figure 3, but
for ¥ = 2.5. The gradual change from a
two minima to a one minimum potential
is clearly displayed.

- A microscopic view of the time evolution of particle-hole excitations can be seen
through the analysis of the fluctuations of the J, operator, i.e. the AJ,, defined in (39). In
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figure 5, AJ, has been plotied against time for a fixed value of deformation ¢ =-1.1 and
different number of particles. All the curves are associated with trajectories with the same
* value of energy per number of particles E/N = --0.51. The system suffers a slight change
with the variation of the number of particles, which means that for a fixed deformation
parameter the physics underlying the system is qualitatively maintained as N increases.

3.00 T
2.50
2.00
é‘ 160 -
1.00 - ¢
Figure 5. AJ; is plotted against time
0.50 4 for ¥ = 30 (full curve), 50 (short
broken curve), 80 (broken curve) and
0.00 100 (dotted curve) for fixed values of
00 - 2d0 400 600 "800 x =25 ¢ = 1.1 apd E/N = —0.51
- t ' (energy per particle).
3.00 4
250
2,00
15D
]
1.00 - ____ ___________ T
\“‘.__—”- h\__.,_’ff
0.50 ]
Figure 6. AJ; is plotted against time
for ¢ = 1 (full curve), 1.05 (broken
.00 T — - T y curve) and 1.5 (short broken curve) with
0.00 2.00 4.00 8.00 800

. the number of particles N = 30 and the
t interaction strength ¥ = 0.25,

In figures 6 and 7, AJ, is plotied, respectively for ¥ = 0.25 and ¥ = 2.5 and various
values of g. It can be seen that beyond a certain critical g (in this case g = 1.3) the system
tends to oscillate around the same point (it is actually nearly stationary), which leads us to
conclude that the number of particle—hole excitations becomes almost fixed independently of
the interaction strength, the number of particles, the tinge evolution and the initial conditions.
In this case, the deformation parameter completely dominates the scenario, causing a weird
unphysical feature. This behaviour is directly related to the decrease of the amplitude in
the theta direction obsetved in the (8, ¢) equi-energies mentioned above.
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300 1
250
2.00 -
s o
<]

1.00 =
.50

Fipure 7. AJ; is plotted against time

for ¢ = 1 (full curve), 1.05 (broken

0.00 r 7 T Y curve) and 1.5 (short broken curve) with

0.00 2,00 4.00 6.00 800

the number of particles & = 30 and the
t interaction strength ¥ = 2.5,

Finally we conclude that when ¢ > 1 the suppression of the phase transition already
observed in static calculations [3, 18] is also reflected in the dynamics of the system. Even
for values of ¢ not very far from 1 the dynamical changes introduced by the deformation
transform typical librational trajectories into rotational ones depending only on the number
of particles. Nevertheless it should be stressed that for g larger than a certain critical value,
it destroys all the physical content of the system and hence becomes meaningless,

Although we have used the LMG model in this work, it is important to point out that
our technique can be extended to any g-deformed pseudo-spin model.
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